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MATROID CHERN-SCHWARTZ-MACPHERSON CYCLES AND
TUTTE ACTIVITIES
AHMED UMER ASHRAF AND SPENCER BACKMAN
Abstract.Lope´z de Medrano-Rinc´on-Shaw defined Chern-Schwartz-MacPher-
son cycles for an arbitrary matroid M and proved by an inductive geometric
argument that the unsigned degrees of these cycles agree with the coefficients of
T (M ; x, 0), where T (M ; x, y) is the Tutte polynomial associated to M . Ardila-
Denham-Huh recently utilized this interpretation of these coefficients in order
to demonstrate their log-concavity. In this note we provide a direct calcula-
tion of the degree of a matroid Chern-Schwartz-MacPherson cycle by taking its
stable intersection with a generic tropical linear space of the appropriate codi-
mension and showing that the weighted point count agrees with the Gioan-Las
Vergnas refined activities expansion of the Tutte polynomial.
1. The β-expansion of the Tutte polynomial
Let E be a finite set equipped with a linear ordering<, and letM be a matroid on
E. Throughout this note, we fix the underlying set to be E = JnK := {0, 1, . . . , n}
equipped with the natural order. We also fix the rank of the matroid M to be
d+1 > 0. We denote the collection of bases of M by B(M). Consider a basis B of
M . For an element e ∈ JnK\B, the fundamental circuit γ(e;B) of B with respect
to e is given by
γ(e;B) := {e′ ∈ E : B ∪ e\e′ ∈ B(M)}(1.1)
and for an element e ∈ B, the fundamental cocircuit γ∗(e;B) of B with respect to
e is given by
γ∗(e;B) := {e′ ∈ E : B ∪ e′\e ∈ B(M)}.(1.2)
The external activity ex(B) and internal activity in(B) of a basis are defined by
ex(B) :=
∣∣{e ∈ JnK\B : min
<
γ(e;B) = e}
∣∣,(1.3)
in(B) :=
∣∣{e ∈ B : min
<
γ∗(e;B) = e}
∣∣.(1.4)
The Tutte polynomial of a matroid M is the generating function of these statistics
over the collection of bases of M :
T (M ;x, y) =
∑
B∈B(M)
xin(B)yex(B) =
∑
i,j
ti,jx
iyj.(1.5)
We note that this polynomial is well-defined, i.e. it is independent of the total
order on the ground set. We denote by Bi,j the set of bases B with ex(B) = i and
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in(B) = j so that |Bi,j | = ti,j . We refer the reader to [Bac20+] for an overview of
the theory of Tutte activities.
Gioan and Las Vergnas gave a refined activities expansion of the Tutte polyno-
mial. We recall Crapo’s beta invariant β(M) := t1,0(M). Note that for a nonempty
matroid M which is not a loop, β(M) = 0 if and only if M is not connected. If F
is a flag of flats of a loopless matroid M of the form
F = {∅ = F0 ( F1 ( · · · ( Fk = JnK}
where Fi is a flat ofM for each i = 0, . . . , k, then we call F proper. The integer k is
the length of the proper flag F , and we denote it by ℓ(F). The difference Fi\Fi−1
will be denoted by ∆i whenever the flag F is clear from the context. We call a
proper flag F increasing if min(∆1) < min(∆2) < · · · < min(∆k). The one-variable
specialization of the Tutte polynomial of a loopless matroid M has the following
expansion:
T (M ;x, 0) =
∑
F
[ ℓ(F)∏
i=1
β(M |Fi/Fi−1)
]
xℓ(F)(1.6)
where the sum is taken over all increasing proper flags of flats. We may assume that
each minor M |Fi/Fi−1 is connected, otherwise β(M |Fi/Fi−1) = 0. This formula is
a direct consequence of the following structural result of Gioan and Las Vergnas in
[GL18, Gio02].
Let Ak(M) be the set of all pairs (F ,BF) where F = {∅ = F0 ( F1 ( · · · (
Fk = JnK} is an increasing proper flag of flats of length k, and BF = (B1, . . . , Bk)
where Bi ∈ B1,0(M |Fi/Fi−1) for 1 ≤ i ≤ k.
Theorem 1.1 ([GL18, Theorem 4.2] [Gio02, Theorem 2.3.1]). For 1 ≤ k ≤ d+ 1,
the sets Ak(M) and Bk,0(M) are canonically in bijection.
Although not necessary for this note, we remark that Gioan-Las Vergnas describe
a more general activities decomposition for arbitrary bases, which refines an earlier
decomposition of Etienne-Las Vergnas [ELV98, Theorem 5.1], and implies a formula
for the full Tutte polynomial.
Remark 1.2. The coefficients of T (M ;x, 0) have alternate interpretations which
have been invoked in the literature related to Chern-Schwartz-MacPherson cycles
for matroids. The coefficients of T (M ;x, 0) agree with the h-vector of the broken
circuit complex of M . See [Bjo¨92] for a shelling proof of this fact, which can be
alternately established by application of the generalized activities expansion of the
Tutte polynomial due to Gordon-Traldi [GT90, Theorem 3].
Additionally, if M is a loopless nonempty matroid, its reduced characteristic
polynomial is given by
χ¯M (q) =
χM (q)
(q − 1)
= (−1)d+1
T (M ; 1− q, 0)
(q − 1)
,
hence the shifted reduced characteristic polynomial is
χ¯M (q + 1) = (−1)
d+1T (M ;−q, 0)
q
.(1.7)
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2. Elementary tropical intersection theory
In this section we provide the background on tropical intersection theory neces-
sary for our main calculation in Section 3. We recommend [FS97, MS15, JY16] for
more on this topic.
Let Σ be a rational polyhedral fan of pure dimension m in Rn and let N ∼= Zn be
the lattice generated by a choice of basis vectors. We denote by Σk its k-skeleton
for k ≤ m. For a cone τ of Σ, let Nτ denote the maximal sublattice of N parallel
to the affine span of τ . Given such a fan Σ and a weight function c : Σm → Z, we
say that Σ satisfies the balancing condition at the ridge τ ∈ Σm−1 with respect to
weight c if ∑
σ)τ
c(σ)nσ ∈ spanRNτ(2.1)
where nσ is a primitive generator of Nσ outside Nτ , i.e. spanZ(nσ , Nτ ) = Nσ. We
say a pure rational fan Σ of dimension m is balanced with respect to weight c if it
satisfies the balancing condition at each ridge τ ∈ Σm−1, and we refer to a balanced
fan as a tropical cycle.
Let M be a loopless matroid of rank d + 1 on the set JnK. Let ei denote the
standard basis vector in Rn+1, and for F ⊆ JnK, let eF =
∑
i∈F ei. To each proper
flag of flats
F : {∅ = F0 ( F1 ( · · · ( Fk = JnK}(2.2)
we can associate a rational polyhedral cone σF in R
n+1 given by
σF = R≥0{eF1 , . . . , eFk−1}+ ReJnK(2.3)
The non-reduced Bergman fan Σ˜(M) of M is the rational polyhedral fan consisting
of the cones σF for each proper flag F of flats of M . This is a pure (d + 1)-
dimensional simplicial fan in Rn+1, which has ReJnK as its lineality space. We
define the Bergman fan of M , written Σ(M), to be the image of Σ˜(M) in the
quotient space Rn+1/ReJnK with the lattice N = Z
n+1/ZeJnK. The Bergman fan
of a matroid is a tropical cycle of dimension d: it is balanced with respect to the
weight function 1 which assigns the weight 1 to each maximal cone. When no
confusion may arise, we also denote this tropical cycle by Σ(M).
Given two tropical cycles T = (Σ, c) and T ′ = (Σ′, c′), their stable intersection
T · T ′ is defined as the tropical cycle with the support limv→0 |Σ| ∩ |Σ
′ + v|, and
the weights given by
m(γ) =
∑
σ∈Σ
σ′∈Σ′
c(σ)c′(σ′)[N : Nσ +Nσ′ ](2.4)
where the sum is over all γ ⊆ σ, σ′ and σ∩(σ′+v) 6= ∅ for any generic perturbation
v. The fan structure on T · T ′ is given by the common refinement of Σ and Σ′.
Let T = (∆, c) be a k-dimensional tropical cycle in Rn, and Σ(Un−k,JnK) denote
the Bergman fan of the uniform matroid Un−k,JnK. The degree of T , written deg(T ),
is defined as
∑
pm(p), where the sum ranges over the finite set of points in the
support of T · Σ(Un−k,JnK). We note that the fan Σ(Un−k,JnK) is a generic tropical
linear space, thus this definition is considered a tropical analogue of the classical
notion of the degree of a variety.
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3. Chern-Schwartz-MacPherson cycles and the main calculation
Chern-Schwartz-MacPherson cycles for complements of complex hyperplane ar-
rangements are certain matroid invariants which have been studied in [CDFV11,
DGS12, Huh12, Alu13, Huh13, Huh15]. Lo´pez de Medrano-Rinc´on-Shaw provided
a generalization of Chern-Schwartz-MacPherson cycles for arbitrary matroids.
Definition 3.1. [LdMRS20, Definition 5] LetM be a matroid of rank d+1. The kth
Chern-Schwartz-MacPherson cycle csmk(M) for each k = 0, 1, . . . , d is the weighted
fan (Σk, ω), where Σk is the kth skeleton of Bergman fan of M and ω : Σk → Z is
given by
ω(σF ) = (−1)
d−k
k∏
i=0
β(M |Fi+1/Fi).(3.1)
In [LdMRS20, Theorem 2.3] it was demonstrated the csmk(M) are tropical cy-
cles. We remark that the presence of the (−1)d−k in Equation (3.1) is necessary for
Definition 3.1 to agree with the definition for complements of complex hyperplane
arrangements.
In the case of matroids representable over the complex numbers, additivity for
Chern-Schwartz-MacPherson cycles has been applied to show that their degrees
satisfy a specialization of the deletion-contraction formula for the Tutte polynomial
[CDFV11, DGS12, Huh12, Alu13, Huh13, Huh15]. Lo´pez de Medrano-Rinc´on-Shaw
combinatorially extended this inductive degree calculation to arbitrary matroids.
Theorem 3.2 ([LdMRS20, Theorem 1.4]). Let M be a loopless matroid on JnK of
rank d + 1. Let csmk(M) denote its kth Chern-Schwartz-MacPherson cycle, then
for k = 0, . . . , d
deg(csmk(M)) = (−1)
d−ktk+1,0.(3.2)
This interpretation of the coefficients of T (M ;x, 0) has recently been utilized by
Ardila-Denham-Huh [ADH20] for proving their log-concavity generalizing an earlier
result of Huh [Huh15].
The purpose of this note is to now provide a direct non-recursive proof of Theo-
rem 3.2 which highlights a connection to the theory of Tutte activities via the work
of Gioan and Las Vergnas [Gio02, GL18].
Proof of Theorem 3.2. We begin with a simple observation. Let x ∈ Rn such that
x ≥ 0 and suppose there exists some 1 ≤ i ≤ n with xi = 0. Then x ∈ Σ(Un−k,JnK)
if and only if x has support of size at most n− k.
We compute the stable intersection csmk(M) · Σ(Un−k,JnK). Fix some generic
v ∈ Rn. Let q,p ∈ Rn such that q ∈ Σ(Un−k,JnK), p ∈ csmk(M), and v + q = p.
Suppose that p lies in the maximal cone σF of csmk(M) associated to the flag of
flats F = {∅ = F0 ( F1 ( · · · ( Fk ( Fk+1 = JnK} of M . By the genericity of
v, we may assume after relabeling the indices that for every 1 ≤ i ≤ n, we have
vi > vi+1. Next, by adding the appropriate multiple of eJnK to p and q, we may
assume p ≥ v and there exists some i such that pi = vi. This gives that q ≥ 0
and there exists some i with qi = 0. By our initial observation, this implies that
the support of q has size at most n− k.
Let 1 ≤ m ≤ k + 1, and recall that for any i ∈ ∆m, the entry pi has the
same value. We claim that pi = maxa∈∆m va. In this case, because v is strictly
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decreasing, we see that qi = 0 if and only if i is the minimum index in ∆m, therefore
the support of q has size n − k. Conversely, because v is strictly decreasing, for
each 1 ≤ m ≤ k there can be at most one index i ∈ ∆m for which pi = vi.
Therefore if there exists any m such that for i ∈ ∆m there is a strict inequality
pi > maxa∈∆m va, the support of q is greater than n− k, a contradiction.
Let i ∈ ∆m and j ∈ ∆n with m < n, then pi ≥ pj as p ∈ csmk(M). By our
above calculation of p, this occurs if and only if maxa∈∆m va ≥ maxb∈∆n vb. The
inequality va > vb holds if and only if a < b hence the above condition is equivalent
to the statement that min(∆m) < min(∆n), i.e. F is increasing. Thus there exists
a single intersection point in csmk(M) ·Σ(Un−k,JnK) for every increasing proper flag
of flats of M of length k.
We have established that the cone σF of csmk(M) that intersects Σ(Un−k,JnK)
at a unique point upon perturbation, satisfies:
min(∆1) < · · · < min(∆k+1)(3.3)
Furthermore the cone, say σI , of Σ(Un−k,JnK) that it intersects consists of points q
such that qi = 0 if and only if i is the minimum index of ∆m for 1 ≤ m ≤ k + 1.
This implies that points in NσI and NσF together generates N . Hence the index
[N : NσI + NσF ] = 1. Hence, to compute the weight of a certain point p in the
intersection, we get
m(p) = (−1)d−k
k∏
i=0
β(M |Fi+1/Fi)(3.4)
therefore
deg(csmk(M)) =
∑
m(p) = (−1)d−k
∑ k∏
i=1
β(M |Fi/Fi−1)(3.5)
where the sum on the right is over all proper increasing flags of flats F ofM of length
k. By Equation (1.6), this equals the coefficient (−1)d−ktk+1,0. This establishes
the result.

Remark 3.3. From the above calculation, the well-definedness of the coefficients
of T (M ;x, 0), i.e. their independence of the total order on the ground set, can be
viewed as a consequence of the well-definedness of the degree map, which is itself
a consequence of the tropical balancing condition. That is, we always obtain the
same value regardless of which chamber of the braid arrangement into which we
perturb our fan, and each such chamber corresponds to a different total order on
the ground set. This perspective is implicit in the earlier work of Huh-Katz[HK12]
who use tropical intersection theory to show that the degrees of reciprocal linear
spaces agree with the unsigned coefficients of the reduced characteristic polynomial.
For performing this calculation, those authors first demonstrate that these unsigned
coefficients count initial k-step flags of flats. It is not hard to show that these flags
are canonically in bijection with the faces of the reduced broken circuit complex,
i.e. the subsets of the bases in Bk,0 which avoid the element 0.
Remark 3.4. In analogy with the notion of degree for tropical varieties, Adiprasito-
Huh-Katz in [AHK18, Definition 5.9] defined the map “deg” for the top-dimensional
forms in the Chow ring of a matroid. The coefficient (−1)d−ktk+1,0 of the Tutte
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polynomial equals deg(αkcsmd−k(M)) where αk is class of a generic hyperplane
and csmd−k(M) is the dual class to csmk(M) under the duality between Minkowski
weights and Chow forms described in [AHK18, Proposition 5.6]. This can be seen
as the dual statement to Theorem 3.2; see [Ash19, Theorem 3.4.3].
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